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109 12 42 Ml =  0.6 case.  Figure 4.27 shows  the growth rate comparison with wavelength 
effects removed, showing that both linear and non-linear growth is  indeed slowed 
by compressibility. 
The slowing of the growth of the initial stage of pairing is  accounted for by the 
effect of Mach number in reducing the linear amplification rate of the subharmonic 
disturbance.  There are several possible reasons for the reduction in growth rate 
in the non-linear  region:  (i)  the shape of the pairing vortices has changed,  and 
the more elongated structures may be less  inclined to pair,  (ii)  the delay in the 
Biot-Savart type of vortex induction process, due to the finite sound speed, may 
make the pairing process less efficient, and (iii) continued compressibility effects due 
to dilatational and baroclinic torques may be slowing the rotation of the vortices 
around each other. It is  not clear from the current study which of these effects is 
dominant, or whether they are all important. 
The pairing involves a  displacement of the vortices into the free-stream, which 
distorts the streamlines outside the vortical region, and creates regions of locally 
high velocity.  During the pairing at Ml = 0.6 it was found that for a short period of 
time, around the peak in the vorticity thickness curve, there was a region of super-
sonic flow above and below the structures, although this did not persist long enough 
to generate shock waves.  At any higher Mach number shock waves would certainly 
form during the two-dimensional pairing.  It is  interesting to note the evidence that 
the flow would prefer not to have shock waves.  Lele (private communication [1988]) 
has shown that tearings may be more common at higher Mach numbers, and Ragab 
and Wu [1989]  have shown that a helical pairing may be preferred even as low  as 
Ml =  0.4.  This,  and the tendency toward three-dimensional structures at high 
Mach numbers (see  Chapter 5), seems to indicate that the flow  will try to avoid 
generating shock waves  if at all possible.  However,  there is  no general theory to 
predict why this is so. 
4.4 Two-Dimensional Structure 
In this section the two-dimensional structure, under the influence of compress-
ibility,  is  explored.  The evolution of the vorticity and scalar fields  at this Mach 
number have already been described in section 4.2.  Here we consider the behavior 
of other fluid properties, such as stagnation enthalpy, entropy, and strain rate. 
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Figure 2.5  Plot of amplification rate against the functional form of the models 
of (a)  Brown [1974J  (model 1)  and (b)  Dimotakis [1986J  (model 2). 
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Figure 2.13  Variation of spatial amplification rate of the most unstable wave with 
convective Mach number for three different methods of varying con-
vective Mach number. 
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Figure 2.14  Growth rate data from Papamoschou [1986]  normalized by the am-
plification rate of the most unstable wave, for the given velocity and 
density ratio, at zero Mach number 
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Figure 2.19  Eigenfunctions of pressure at Ml =  2.2  for  (a)  the fast supersonic 
mode, (b) the slow supersonic modes and (c)  the subsonic mode. 
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Figure 3.2  Check on linear growth rates for  the inviscid eigenfunctions in the 
three-dimensional code. 
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Figure 3.3  Temperature eigenfunction from direct simulation, compared to ini-
tial eigenfunction. 
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Figure 3.4  Growth of  vorticity thickness with time, showing the effect of changing 
the position of the free-stream boundary condition. 
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Figure 4.5  Effect of Mach number Ml on the growth of the fundamental, most 
amplified disturbance. 
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Figure 4.16  Growth in vorticity thickness, comparing Ml =  0.2 with Ml =  0.6. 
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Figure 4.17  Growth in mode energy E, comparing Ml =  0.2 with Ml = 0.6. 
151 (a) max=1.07 min=O.938  (b)  max=7.S1 min=6.67 
~.O  ,.----.;:--~----.._"""T1  ~.O ,.------------, 
>-
-~.O '--"----'0. ___  '"-----'>. __  ---' 
-~.O '--_________  --.J 
0.00  9.52  0.00  9.52 
x  x 
(c)  max=O.S73 min=5.41e-S 
~.O ,.-----------, 
-5.0 '--_________  --.J 
0.00  9.52 
x 
Figure 4.28  Developed  structure at Ml  - 0.6  (a)  temperature,  (b)  stagnation 
enthalpy, (c)  entropy. 
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Figure 4.32  Time history of the peak strain rate.  Non-dimensionalized as  S  -
S*o~jUi (norm l),or as S=S*o*jUi (norm 2). 
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Figure 4.33  Growth in vorticity thickness for temperature ratios 1 and 2. 
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Figure 4.34  Growth in mode energy E, for temperature ratios 1 and 2. 
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Figure 4.36  Generation of baroclinic torques in the saddle region. 
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Figure 4.41  Growth of vorticity thickness for supersonic instability mode. 
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Figure 4.42  Growth of mode energy for supersonic instability mode. 
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Figure 5.5  Vorticity thickness growth for  the bulging and translative modes at 
Ml =  0.4. 
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Figure 5.6  Growth in energy for the bulging instability at Ml = 0.4.  (1,0) is the 
two-dimensional wave.  (1,1) and (1, -1) are the oblique waves. 
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Figure 5.7  Growth in energy for the translative instability at Ml =  0.4.  (1,0) is 
the two-dimensional wave.  (1,1) and (1, -1) are the oblique waves. 
181 Figure 5.8  Surface of constant pressure showing the rotational region in the struc-
ture developing from the bulging instability at Ml =  0.4. 
Figure 5.9  Surface of constant pressure showing the rotational region in the struc-
ture developing from the translative instability at Ml =  0.4. 
182 Figure 5.10  Perspective view of streamwise vorticity in the structure that devel-
oped from the bulging mode of instability at Ml =  0.4 
Figure 5.11  Perspective view of streamwise vorticity in the structure that devel-
oped from the translative mode of instability at Ml =  0.4 
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Figure 5.13  Vorticity thickness growth for the helical sub  harmonic mode at Ml = 
0.4. 
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Figure 5.14  Growth in energy for the bulging instability at Ml =  0.4.  (2,0) is the 
two-dimensional wave.  (1,1) and (1, -1) are the oblique waves. 
185 Figure 5.15  Perspective view  of the pressure minima at time t  =  12.63 for  the 
helical subharmonic mode of instability, showing vortex cores at sat-
uration on the fundamental instability. 
186 Figure 5.16  Perspective view of the pressure minima at time t  =  27.90 for the he-
lical subharmonic mode of instability, showing the final sub  harmonic 
structure. 
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Figure 5.18  Effect of Mach number on the vorticity thickness growth, forcing with 
a two-dimensional wave and two equal and opposite oblique waves. 
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Figure 5.19  Growth in mode energies at Ml =  0.4  (1,0)  is  the two-dimensional 
mode.  (1,1) and (1, -1) are the oblique waves. 
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Figure 5.20  Growth in mode energies at Ml =  0.8  (1,0) is the two-dimensional 
mode.  (1,1) and (1, -1) are the oblique waves. 
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Figure 5.21  Growth in mode energies at Ml =  1.05  (1,0) is  the two-dimensional 
mode.  (1,1) and (1,-1) are the oblique waves. 
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"."  . Figure 5.22  Carpet plot of the modal energy contents at the end of the three-
dimensional simulation at Ml =  0.4 
Figure 5.23  Carpet plot of the modal energy contents at the end of the three-
dimensional simulation at Ml = 0.8 
191 Figure 5.24  Carpet plot of the modal energy contents at the end of the three-
dimensional simulation at Ml =  1.05 
192 Figure 5.25  Surface of constant pressure showing the rotational region in the struc-
ture developing at Ml = 0.4. 
Figure 5.26  Perspective view of streamwise vorticity in the structure that devel-
oped at Ml =  0.4 
193 Figure 5.27  Surface of constant pressure showing the rotational region in the struc-
ture developing at Ml =  0.8. 
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Figure 5.28  Surface of constant pressure showing the rotational region in the struc-
ture developing at Ml =  1.05. 
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Figure 5.30  Vortex lines through the peaks of vorticity for the developed structure 
at Ml =  0.8 (a) perspective view (b)  top view. 
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Figure 5.35  Vorticity thickness growth for simulation of the bulging mode at Ml = 
0.8. 
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Figure 5.36  Growth in energy for the bulging instability mode at iIJ1 =  0.8. 
201 Figure 5.37  Surface of constant pressure showing the rotational region in the struc-
ture developing from the bulging mode at Ml =  0.8. 
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Figure 5.40  Growth in energy for selected modes from the simulation beginning 
with random numbers at Ml =  0.8 
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Figure 5.41  Growth in energy for selected modes from the simulation beginning 
with random numbers at Ml =  1.05 
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Figure 5.45  Vorticity thickness growth for a single versus a pair of oblique waves. 
207 Figure 5.46  Surface of constant pressure, showing structure developed from a sin-
gle oblique wave. 
Figure 5.47  Surface of constant pressure, showing structure developed from a pair 
of equal and opposite oblique waves. 
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Figure 5.48  Vortex lines through structure developing from a  pair of equal and 
opposite oblique waves. 
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Figure 5.52  Growth in mode energies  of the unstable waves  in the presence of 
background noise. 
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Figure 5.57  Growth in mode energies of the unstable waves in the simulation be-
ginning with purely random initial conditions. 
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Figure 5.58  Growth in vorticity thickness for the simulation beginning with purely 
random initial conditions (a)  regular vorticity thickness, (b)  vorticity 
thickness based on mass-weighted velocity profile. 
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